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ON THE GENERALIZATION OF A METHOD FOR COMPUTING BESSEL FUNCTION 
INTEGRALS 
Bruno Gabutt i  (*) 
We extend a method for the numerical evaluation of 
integrals involving Bessel functions (of the first kind) 
to cover integrals which involve product of Bessel 
functions. 
In a previous paper [1] we described a useful method 
for the evaluation of integrals of the form : 
OO 
I(w) = f0 e-X2j0(wx)  f (x2)xdx,  o0>0 (1) 
where f(x 2) is a relatively well behaved function. 
In the present paper we extend the method to the 
more general integrals uch as : 
oo 2 
K(p,q) = f0 e-x J0(PX) J0 (qx) f (x  2) xdx  (2) 
and 
1 
L(p,q)= (~q) 2 f0O°e-X2 J0 (p x) cos (q x) f (x 2) dx; 
(37 
p,q>0 
Analogous integrals were treated by Linz's method 
in [2]. 
K (p, q) is a special case of I(p 7 with f(x 2) replaced 
by J (q x) f (x2). However the method escribed in 
[1] for the evaluation ofI(p 7 is not suitable for a 
highly oscillating function. 
We showed in [1] that we could express I(60) in the 
form : 
I(¢o)= ! an Vn (4) 
n 0 
where 
Vn(¢°) = foo e_X2 Jo (¢° x7 Ln (x2) x dx 
0 
¢o 2 
e 4 _~)2n 
2n! ( - -  (5) 
and a n is the well known Laguerre coefficient : 
an= ooj0 e-y Ln(Y) f(Y) dy. (6) 
Thus setting 60 = p and replacing f (x 2) by 
J0(qx) f(x 2) we find : 
OO 
K(p,q)= ~ b nV n(p) ,  n=0 
where : p 2 
Vn(P )_ e 4 p 2n 
2 n ! (2-) ' (7) 
and : 
b n = 2 (e  x2 - Ln (x2) J0 (q x) f (x 2) x dx. (8) 
Numerical evaluation of b n using numerical quadrature 
is not convenient because of the oscillating factor 
Jo (q x). 
We now proceed as follows. We expand f(x 2) L n (x 2) 
in a Laguerre series :
OO 
f(x2) Ln(X2)=m=0 ~ Cn'mLm(X2)'  (9) 
with : 
OO 
= f0 e-Y Cn, m L m (Y) L n (Y7 f(Y) dy. (107 
Substituting (9) into (8) gives : 
b n=2 • c V n(q) (11) m--0 n,m 
where V n (q) is defined in (7) above. Thus : 
OO OO 
K (p, q) = 2 n=0Z m=0Z Cn, m V n (q) V m (p). (12) 
In practice, the summations have to be terminated. This 
is conventionally done using a convergence t st. (See 
for instance [117. 
In principle the coefficients Cn,m, given by (107 may be 
calculated using numerical integration (for instance the 
Gauss-Legendre and the Gauss-Laguerre quadrature meth- 
ods breaking the integration i terval as is suggested in [1] 
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for an). But, as n and m increase the integrand func- 
tion in (10) become more and more oscillating and, 
to obtain a specified numerical accuracy, the number 
of nodes in the quadrature formula becomes large. 
Thus it is usually prohibitively expensive to use 
numerical integration to estimate the coefficients 
Cn, m" 
However, we propose the use of the recurrence 
formula :
2(m-n) rn  
Cn, re+l= m+l  Cn, m m+l  cn,m-1 
n+l  n 
+ m+-- -~Cn+l ,m+m+l  Cn- l ,m (13) 
m>0 and n=0,1 ,2  . . . .  
This follows immediately using the well-known three 
term recurrence r lation for the Laguerre polynomials 
twice in (10). We observe that the starting values for 
(13)  a re  : 
=an=fnWe-YLn(Y) f (y )dy ,  n=0,1 ,2  Cn, O *'(14) 
Our numerical experiments indicates that the recur- 
rence formula (13) is sufficiently stable against minor 
perturbation i the starting values a n . More precisely, 
we found a loss of accuracy of about one decimal 
digit for each 15 iterations. 
Both the integrals (2) and (3) are particular cases of 
the integral : 
oo 2 x/~ + v+ 
R/~,v(p,q)=f0 e-x J/g(px)Jv(qx)f(x2) ldx, 
#, v > - 1 (15) 
obtained by setting : 
/~ = v = 0 and  : /~ = 0, v = -1/2 respectively. 
The above procedure may be used in the more general 
context of (15). In this case, the relevant formulas 
include :
R/~, v (P' q) = 2 2; "n,m (P) 
m On=O 
where q2 (16) 
4 2m+gt 
° 
)(P)= 2F(V+ m+l )  ( 
p2 
Vn ( e 4 q2n+v 
V)Cq)= 2[ ' (v+n+l)  ( ) 
c(#'V) =n,m fo  e-y y/~ + v L(m~ ) (y) L~) (y) f (y) dy " 
om tatmn ofV (/a) Vn(U), c (#'u) analogous For thec pu " m ' m,n 
observations to the ones given above apply~ 
We notice that integrals involving aproduct of several 
Bessel functions can be treated by repeated applica- 
tion of this method. 
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